Introduction. An L-space is a rational homology sphere Y with simplest possible Heegaard Floer homology, 1 in the sense that dim HF (Y ) = |H 1 (Y ; Z)|. Ozsváth and Szabó have shown, by an argument analogous to one used by Kronheimer and Mrowka in the monopole setting [11] , that the existence of a C 2 coorientable taut foliation ensures that dim
Introduction. An L-space is a rational homology sphere Y with simplest possible Heegaard Floer homology, 1 in the sense that dim HF (Y ) = |H 1 (Y ; Z)|. Ozsváth and Szabó have shown, by an argument analogous to one used by Kronheimer and Mrowka in the monopole setting [11] , that the existence of a C 2 coorientable taut foliation ensures that dim HF (Y ) > |H 1 (Y ; Z)| [14] . That is, L-spaces do not admit C 2 coorientable taut foliations.
For certain classes of manifolds the converse is known to hold. In particular, for Seifert fibred spaces with base orbifold S 2 , Lisca and Stipsicz have shown that if Y is not an Lspace then Y admits a coorientable taut foliation [13] . (In fact, it can be shown that the two conditions are equivalent for all Seifert fibred spaces; see [4] .) The main result of this note extends Lisca and Stipsicz's result to general graph manifolds. Recall that a graph manifold is a prime three-manifold admitting a JSJ decomposition into pieces admitting Seifert fibred structures.
Theorem 1. Let Y be a closed, connected, orientable graph manifold. If Y is not an L-space then Y admits a C 0 coorientable taut foliation.
There is a third condition on three-manifolds that is relevant in this setting. Recall that a countable group is left-orderable if it admits an effective action on R by order-preserving homeomorphisms [5] . There is a conjectured equivalence among prime three-manifolds between L-spaces and non-left-orderability of the fundamental group [4] . Theorem 1 gives rise to an equivalence between all three conditions for graph manifolds. The equivalence (ii) ⇔ (iii) is due to Boyer and Clay [2] . The implication (ii) ⇒ (i) is established by Boyer and Clay in [3] . Alternately, this implication follows from a theorem of Bowden [1] and, independently, Kazez and Roberts [9, 10] that taut C 0 foliations can be approximated by weakly semi-fillable contact structures, together with the earlier work of Ozsváth and Szabó [14] . Theorem 1 provides the final required implication (i) ⇒ (ii). Note that Seifert fibered manifolds are examples of graph manifolds; thus Theorem 2 generalizes a result of Boyer, Gordon and the fourth author [4] . When the graph manifold has a single JSJ torus, the result is proved in work of the first and fourth authors [8] .
The equivalence (i) ⇔ (iii) resolves [4, Conjecture 1] in the affirmative for graph manifolds. We thank Tye Lidman for pointing out the following immediate consequence:
Proof. This follows from Theorem 2 and [5, Theorem 3.7] . Note that the existence of the non-zero degree map f induces a non-trivial homomorphism from
Our work rests on a detailed study of the Heegaard Floer invariants of orientable threemanifolds M with torus boundary. Denote by M (α) the result of Dehn filling along a slope α in ∂M , that is, α represents a primitive class in H 1 (∂M ; Z)/{±1}. The set of slopes may be identified with the extended rationals Q ∪ { 1 0 }, viewed as a subspace of
M is the set of strict L-space slopes. The key observation used in the proof of Theorem 1 is the following theorem, which is a consequence of results proved independently in [8] and [15] . 
; moreover, (2) the closed manifold that results from identifying α ∈ ∂M 1 via some homeomorphism of the boundary to the rational longitude of the twisted I-bundle over the Klein bottle yields a non-L-space, and similarly for h(α) ∈ ∂M 2 .
Notions of simplicity. Before proving Theorem 4 we recall the main notions of [8] and [15] in order to highlight a key point of interaction between these two works. The bordered Floer module CFD is an invariant of a three-manifold with parametrized boundary. When ∂M is a torus we can specify a parametrization of ∂M by a pair of simple closed curves α, β ∈ H 1 (∂M ; Z) with α · β = 1. In this case, the bordered Floer homology CFD (M, α, β) may be represented by a directed graph whose edges are labeled by elements of the set A = {ρ 1 , ρ 2 , ρ 3 , ρ 12 , ρ 23 , ρ 123 }. The triple (M, α, β) is said to be of loop-type if each vertex in the graph representing CFD (M, α, β) has valence 2 and the number of connected components of the graph is equal to the number of spin c structures on
. Such a graph can be decomposed into certain standard puzzle pieces as described in [8, Section 3] . For our purposes, the relevant pieces are the ones shown in Figure 1 . The property of being loop-type is inherent to the underlying manifold M : If the triple (M, α, β) is of loop-type for some choice of parametrizing curves α and β, then it is of loop-type for any choice of α and β. In this case, we say the manifold M is of loop-type. 
Proposition 6. M is Floer simple if and only if M is of simple loop-type.
Proof. The bordered Floer homology of a Floer simple manifold M was explicitly computed in [15, Proposition 3.9] for an appropriate choice of parametrization (α, β). In the course of the proof, it is shown that CFD(M, α, β) is composed of puzzle pieces of typec k . Thus to see that M is of simple loop type, we need only check that the number of loops is equal to the number of spin c structures on M , which is
Each vertex v of CFD (M, α, β) is labeled by a relative spin c structure s(v), which we can view as an element of
. By [15, Lemma 3.8] , edges of the graph labeled by ρ 1 preserve this labeling, edges labeled by ρ 23 shift the labeling by α and edges labeled by ρ 3 shift the labeling by α + β.
Given a puzzle piece in CFD (M, α, β), let v be its unique black vertex, and label the piece by the image of s(v) in H 1 (M ; Z)/ α . This labeling defines a bijection between the set of puzzle pieces in CFD(M, α, β) and H 1 (M ; Z)/ α . Moreover, if the label on a given piece is a, the label on the next piece in the loop is a + β. It follows that the set of loops is in bijection with ( 
is not an L-space if and only if there is a slope
α in ∂M 1 such that α ∈ L • M 1 and h(α) ∈ L • M 2 . (2) If either M 1 or M 2 is solid-torus like, then M 1 ∪ h M 2
The two cases arising in this statement are expected: the second accounts for Dehn filling (that is, when one of the M i is a solid torus) and simply verifies the definition of an L-space slope. More generally, however, we must appeal to an a priori larger class of manifolds which are called solid torus-like [8, Definition 3.23], as they are characterized by having bordered Floer homology which resembles that of a solid torus in every spin c structure [8] , or equivalently, by having empty D τ in the sense of [15] . It is not known if any solid toruslike manifolds which are boundary incompressible exist. It is plausible that the dichotomy in Theorem 7 is simply the difference in behaviour between Dehn filling and more general gluing.
The proof of 
Before proving the second statement, we fix some terminology. Let N denote the twisted I-bundle over the Klein bottle, and let M be a manifold with torus boundary. Given a slope α on ∂M , choose a homeomorphism ϕ : ∂M → ∂N which carries α to the rational longitude Note that the manifold Y α * j described above is not uniquely determined by M j and α * since each time a copy of N is glued to M j there is an infinite family of gluing maps which take λ in ∂N to the desired slope in ∂M j . A particular gluing map is specified by choosing slopes dual to λ in ∂M and dual to each slope induced by α * in ∂M j ; the manifold Y Proof. First observe that if n = 1 (that is, the collection of tori consists of just one torus), this is equivalent to Theorem 3. In this case, Y ∼ = M 1 ∪ h M 2 for some gluing map h. By Theorem 3, there is a slope α in ∂M 1 such that N -filling M 1 along α gives a non-L-space and N -filling M 2 along h(α) gives a non-L-space. Let α 1 be the slope in T 1 that corresponds to the slopes α ∈ ∂M 1 and h(α) ∈ ∂M 2 . α * = (α 1 ) gives the desired collection of slopes.
For the general case, we proceed by induction on n. Assume n > 1 and the result holds for collections of fewer than n tori. First cut Y along the torus T 1 to produce two manifolds M 1 and M 2 . By the n = 1 case, there is a slope α 1 in T 1 such that N -filling M 1 and M 2 along the slopes corresponding to α 1 produces non-L-spaces. We denote the resulting closed manifolds by Y Having cut along T 1 , the remaining collection of tori {T 2 , . . . , T n } splits into two subsets depending on whether each torus is contained in M 1 or M 2 . Up to relabeling the tori, we may assume that {T 2 , . . . , T m } is the subset of tori contained in in M 1 and {T m+1 , . . . , T n } is the subset of tori contained in M 2 , for some 1 ≤ m ≤ n (note that if m = 1 the first subset is empty, and if m = n the second subset is empty). We consider these subsets as collections of tori on Y The proposition above can be restated using the notion of non-L-space (NLS) detected slopes defined in [2] . Let M be a manifold with ∂M a disjoint union of n tori, and let α * = (α 1 , . . . , α n ) be a collection of slopes on the boundary tori. Following [2, Definition 7.2], let M t (∅; [α * ]) denote the collection of manifolds obtained by filling each boundary component of M by a copy of N t where the rational longitude of the i th copy of N t is sent to α i . The manifold N t is the Seifert fibered space over the disk with two cone points of order t and Seifert invariants ( Remark 11. Notice that we have yet to restrict to graph manifolds, or even to incompressible tori. Indeed, given a rational homology sphere Y that is not an L-space, a collection of disjoint tori {T i } always gives rise to an NLS detected collection of slopes on the boundary of each component of Y \ \{T i }. This suggests that the same behaviour for taut foliations and/or for left-orders on the fundamental group should be explored.
The proof of Theorem 1. When Y is a graph manifold and {T i } is the collection of JSJ tori, note that Proposition 10 verifies one direction of [2, Conjecture 1.10] . This allows us to complete the proof of Theorem 1.
Suppose that Y is a graph manifold. Assume that Y is a non-L-space and, without loss of generality, b 1 (Y ) = 0. If Y has a trivial JSJ decomposition, then Y is a Seifert fibered space and the theorem holds by work of Lisca and Stipsicz [13] and Boyer, Gordon and the fourth author [4] . Suppose then that Y has a non-trivial JSJ decomposition. Note that every JSJ torus separates; we take {T i } to be the JSJ tori so that the components of Y \ \{T i } are Seifert fibered. By Proposition 10 there is a collection of slopes α * = (α 1 , . . . , α n ), with α i ∈ T i , such that the restrictions of α * to each component of Y \ \{T i } are NLS detected. Therefore, by [ 
